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I. In t roduc t ion  

h 

t 

I n  an earlier report '  ( h e r e i n a f t e r  r e f e r r e d  t o  as I) the problem 

of the f i e l d  induced by a test p a r t i c l e  i n j e c t e d  i n t o  an equi l ibr ium plasma 

w a s  s tud ied  on t h e  b a s i s  of the moment equat ions,  w i t h  s p e c i a l  a t t e n t i o n  

t o  the e f f e c t  of f i n i t e  p a r t i c l e  s i z e  and " t r ans i en t "  behavior.  I n  t h e  

p re sen t  work, w e  a t t a c k  the same problem on the b a s i s  of t h e  Vlasov equa- 

t i o n ,  r e s t r i c t i n g  ou r se lves ,  however, t o  the case o f ' a  po in t  p a r t i c l e .  

The p r i n c i p a l  q u a l i t a t i v e  d i f f e r e n c e s  may b e  summarized as follows: (1) 

For slow (compared t o  thermal speed) p a r t i c l e s ,  the leading c o r r e c t i o n  t o  

Debye-Hiickel has  oppos i t e  s i g n  i n  f r o n t  of and behind t h e  p a r t i c l e ;  f u r t h e r -  

more i t  changes s i g n  a t  about 4.5 Debye l eng ths  ahead of and behind t h e  

p a r t i c l e .  

proves t o  be  s l i g h t l y  less than behind, and t h e r e  is a "r ipple"  i n  t h e  

Moreover, the amount o f ' i nduced  charge i n  f r o n t  of t h e  p a r t i c l e  

p o l a r i z a t i o n  cloud. The symmetric f l a t t e n i n g  of the p o l a r i z a t i o n  cloud 

p red ic t ed  by the moment equat ions i s  a higher  o rde r  ( in  the Mach number) 

e f f e c t .  Inasmuch as, f o r  superthermal p a r t i c l e s  & t h e  charge i s  behind 

the p a r t i c l e ,  i t  is  n o t  s u r p r i s i n g  t h a t  t h e  f i r s t  e f f e c t  of f i n i t e  p a r t i c l e  

speed is  f o r  t h e  p a r t i c l e  t o  "lead" i t s  p o l a r i z a t i o n  cloud s l i g h t l y .  

phys i ca l  o r i g i n  of the "r ipple"  i s  n o t  y e t  understood. (2) For f a s t  

The 

p a r t i c l e s ,  t h e r e  is  no s i n g u l a r i t y  i n  t h e  charge d e n s i t y  o r  p o t e n t i a l  a t  

the Mach cone, and t h e r e  is some charge o u t s i d e  the cone. Thus t h e  wake 

of t h e  p a r t i c l e  i s  somewhat "smeared out", and l a c k s  t h e  geometric sharp- 

ness p red ic t ed  by t h e  moment equat ions.  Also, t h e  p o t e n t i a l  near  t h e  cone 

i s  exponen t i a l ly  damped along t h e  cone and d i e s  o u t  i n  a d i s t a n c e  of about 

a Debye l e n g t h  t i m e s  t h e  Mach number. W e l l  i n s i d e  t h e  cone, however, t h e  

decay of the wake is  considerably slower. 
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A l l  of t h e s e  e f f e c t s  are due t o  t h e  imaginary p a r t  of t h e  d i e l e c t r i c  

func t ion ,  and are thus  r e l a t e d  t o  t h e  Landau damping; t h i s  exp la ins  t h e i r  

absence from the moment equat ion theory.  

I n  the next  s e c t i o n  w e  d e r i v e  an expression f o r  t h e  p o t e n t i a l  in- 

duced by a p a r t i c l e  of charge q, v e l o c i t y  %, i n j e c t e d  i n t o  an i n f i n i t e  

equi l ibr ium plasma a t  t = 0, assuming t h a t  t h e  system i s  adequately 

descr ibed by t h e  Vlasov and Maxwell equat ions.  The problem i s  thus  

reduced t o  one of approximate eva lua t ion  of c e r t a i n  i n t e g r a l s .  These 

are c a r r i e d  out  i n  Sec t ion  3 (sub-thermal p a r t i c l e s )  and Sect ion 4 

(superthermal p a r t i c l e s ) ,  w i t h  accompanying d i scuss ion .  Sect ion 5 i s  

devoted t o  a d d i t i o n a l  d i scuss ion  and comparison w i t h  previous t reatments .  

11. Formulation of the Problem 

W e  w i s h  t o  c a l c u l a t e  the f i e l d  induced by a p a r t i c l e  of charge 

q,  v e l o c i t y  i n j e c t e d  i n t o  a plasma i n i t i a l l y  a t  equilibrium. The 

plasma is  assumed t o  c o n s i s t  of an a r b i t r a r y  number of types of p a r t i c l e ,  

where type  CT has charge e mass m d e n s i t y  n . It is  f u r t h e r  assumed 
0’ (5’ (5 

t h a t  t h e  evo lu t ion  of the system i s  adequately descr ibed by t h e  Vlasov 

equat ion (the v a l i d i t y  of t h i s  assumption w i l l  be  discussed i n  Sect ion 5 ) .  

For s i m p l i c i t y  we w i l l  consider  only l o n g i t u d i n a l  f i e l d s ,  and neg lec t  the 

r e a c t i o n  of the plasma on the test pa r t i c l e  (the g e n e r a l i z a t i o n  t o  in- 

c l u d e  transverse f i e l d s  i s  st raightforward)  * 

I f  the p e r t u r b a t i o n  of t h e  one -pa r t i c l e  d i s t r i b u t i o n  func t ion  f o r  

t y p e  CT is  
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E 

f (&,v, ,a , t )  = f q $ , n , t )  9 

and t h e  test p a r t i c l e  is  i n i t i a l l y  a t  = 0, one has 

a - 
% x E = o  9 

where 

whereupon (f (E,q90) is  zero by assumption) . 

a i e  

m t  a x o  

k ' v - u  2, 

- u  ' - €  - 
u F =  9 

9 
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E 

where t h e s e  expressions are v a l i d  f o r  I$zw < 0. 

used t o  express  (6) and (7) i n  terms of E; mult iplying (6) by eo’ in t e -  

g r a t i n g  over T-I and s u b s t i t u t i n g  i n t o  (7), one f i n d s  

Equation (8) may be 

w i t h  

Taking t h e  inve r se  t ransforms,  one has  
m - i y  -i(k*E-wt) $. 

’Lz, E(R,t) = - (2:)4 J dk J’ due T; E(,k,W) = 
-m- iy  

The p r o p e r t i e s  of t h e  d i e l e c t r i c  func t ion  A- are w e l l  known; denoting 

i ts  zeroes  as a func t ion  of w by w (k),  one may do t h e  w i n t e g r a t i o n  

by c los ing  t h e  contour i n  t h e  upper half-plane t o  ob ta in  

n z ,  

i w n  (I$ t 
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Equation (12) is  the formal s o l u t i o n  of the problem under the 

given assumptions; the remainder of the repor t  is  devoted t o  t h e  eva lua t ion  

and i n t e r p r e t a t i o n  of (12) f o r  the l i m i t i n g  cases of s m a l l  and l a r g e  u ,  

where a n a l y t i x a l  expressions may be obtained.  

111. Subthermal Particles; Correct ion t o  the Debye P o t e n t i a l  

W e  first consider  the case where the test p a r t i c l e  speed u i s  much 

smaller than t h e  thermal v e l o c i t y  of any of t h e  components. Using 
V 2  
v2 

- -  
(T n e  

and 

Y 

XJ;;: 
2 

= - 2 6 e-ax2 I dy ey 
Y -  x 

Y 

-m 0 

w e  r e a d i l y  reduce (10) t o  the f a m i l i a r  form 

where 

n e 2  
k 2 = 8 r -  

0 m P 2  
5 0  

5 0  
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Now if u << VG for all (5, 

h 

and we may write 

Then the first term of (12), which we denote by $ 

in spherical coordinates, with% - qt) taken as the z-axis, as 
may be written 

1' 

+ J1'E----;T JiyF cos$ x J' + cos4 + 2 [% 0 
1 

1 (+) 0 

where 

The angular integrals are straightforward, and one finds 
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COS kl&-xtl - PO 
k2 +. Kz 

The k i n t e g r a l  i n  the f i r s t  term of (20) may be done by contour i n t e -  

g r a t i o n  and l eads  t o  the f a m i l i a r  Debye-Hiickel r e s u l t  f o r  t h e  po la r i -  

za t ion  cloud about a s t a t i o n a r y  p a r t i c l e  
* 

T h e  

given by 

leading co r rec t ion  t o  t h e  Debye r e s u l t  f o r  slow p a r t i c l e s  i s  

t h e  second term of (20). This  term, f i r s t  order  i n  the 

* 
d i f f e r e n t  d e f i n i t i o n  of K, t h a t  t h e  moment equat ion treatment g ives  a 

Debye l eng th  which i s  o f f  by a f a c t o r  of fi., 

A t  this po in t  w e  should remark t h e  f a c t ,  u sua l ly  disguised by a 
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p a r t i c l e  speed, cannot b e  obtained from the c o l l i s i o n - l e s s  moment 

equat ions,  as it  comes from the imaginary p a r t  of t h e  d i e l e c t r i c  

func t ion  A-e Introducing 3 E klE-Ft 1 Y 

h IC%-:'), 
% 9 

f3 =xk (5 u2/K2VO2$ 
0 

one may mite the second term of (20)  as 

where 

A f t e r  some a lgeb ra  and deforming of i n t e g r a t i o n  p a t h s ,  one can express  

(24 )  i n  terms of exponent ia l  i n t e g r a l s .  One then f i n d s  

1 
2 L(X) = - - 

where 
m 

- 
dy e" & i ( X )  = - P  

-A 
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It fo l lows  t h a t  

It i s  convenient t o  ca l cu la -e  the charge dens i ty  corresponding t o  ( 2 8 ) ,  

A s  A -t 0, one has  

ci(-A) = (y + log A )  + O ( A )  , A <<1 

whence 

It w i l l  be  observed t h a t  (32) is s m a l l  (because of t h e  s m a l l  f a c t o r  a 

as def ined i n  Eqn. (22) compared t o  t h e  p o l a r i z a t i o n  charge - 
from (21), but  has  oppos i te  s i g n  i n  f r o n t  of t h e  p a r t i c l e  and t h e  same 

s i g n  behind. 

-A qK3e  
4T A 

Thus t h e  compensating charge near  t h e  p a r t i c l e  i s  reduced 

'Y 

ahead of t h e  p a r t i c l e  and increased behind, i .e.  t h e  p a r t i c l e  i s  s l i g h t l y  

"ahead" of its p o l a r i z a t i o n  cloud e 
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On t h e  o the r  hand, f o r  l a r g e  A ,  one has 

and 

It fol lows t h a t  

It i s  apparent from ( 3 2 ) ,  ( 3 5 ) ,  t h a t  t h e  co r rec t ion  t o  t h e  charge 

dens i ty  changes s i g n  a t  a d i s t a n c e  of order  a Debye length  from t h e  

p a r t i c l e .  
- 

The exponent ia l  i n t e g r a l s  Ci(-A), &(A) have been t abu la t ed ;  

the expression ( 2 9 )  is  p l o t t e d  i n  Fig.  1. It w i l l  be observed t h a t  t h e  

charge dens i ty  c o r r e c t i o n  on the axis changes s i g n  a t  about 4 . 5  Debye 

l eng ths  and has a (small) extremum at  about 5 . 5  Debye l eng ths ,  a f t e r  

which it goes slowly (Q A 1 t o  zero.  Equation ( 2 9 )  has been obtained 

by Neufeld and R i t ch ie ,  who d id  no t ,  however, i n v e s t i g a t e  i t s  p rope r t i e s  

o r  d i scover  t h e  " r ipp le"  apparent i n  Fig.  1 and ( 3 2 )  and ( 3 5 )  e 

-5 

2 

I n  v i e w  of the s i g n  change of p,('), an a d d i t i o n a l  c a l c u l a t i o n  is  

necessary t o  show t h a t  ( 2 9 )  does indeed represent  a s l i g h t  s h i f t  of 

p o l a r i z a t i o n  charge from the f r o n t  t o  t h e  rear of t h e  p a r t i c l e .  The 

t o t a l  charge con t r ibu t ion  i n  f r o n t  of the par t ic le  from (29) i s  given by 
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c 

The i n t e g r a l  may be  done w i t h  the h e l p  of a s t r a igh t fo rward  i n t e g r a t i o n  

by p a r t s ,  and t h e  asymptotic forms (33), (34); one f i n d s  

which is oppos i t e  t o  t h e  Debye p o l a r i z a t i o n  charge as expected. 

charge behind t h e  p a r t i c l e  is  given by Q - = -\, so  it is evident t h a t  

(29) g i v e s  no c o n t r i b u t i o n  t o  the t o t a l  n e t  p o l a r i z a t i o n  charge,  but 

r e p r e s e n t s  a s l i g h t  s h i f t  of charge from t h e  f r o n t  t o  t h e  rear of t h e  

p a r t i c l e .  

The 

One a d d i t i o n a l  p e c u l i a r i t y  of the c o r r e c t i o n  p 1  should be  men- 

t i oned ;  from the d e f i n i t i o n s  (22) and (17), t h e  l a r g e s t  con t r ibu t ions  

came from t h e  slowest (and thus  the most massive) ions.  

W e  now t u r n  t o  the las t  term of (20). The k i n t e g r a l  may be  done 

s t r a igh t fo rward ly ,  i f  t ed ious ly ,  by contour i n t e g r a t i o n ,  and one f i n d s  

* 
w i t h  the corresponding charge d e n s i t y  

def ined in C22)I 

(the q u a n t i t i e s  c1 and B are 

* Note that 1-1, = &eg/(Au) must h e  d i f f e r e n t i a t e d  i n  c a l c u l a t i n g  (38) ., 
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. 
W e  make t h e  fol lowing observat ions about (37) and (38) :  (a) The 

c o r r e c t i o n  t o  t h e  p o t e n t i a l  (but no t  the charge dens i ty  co r rec t ion )  

has  a t a i l  which is  no t  exponent ia l ly  damped, but g0e.s as h . This  

t a i l  is  oppos i te  i n  s i g n  t o  t h e  Debye p o t e n t i a l  near  t h e  pa th  

( Iv ,~  < 1 / 6 ) a n d  has  the same s ign  near  t h e  mid-plane. 

dens i ty  descr ibed by (38) is d i s t r i b u t e d  as descr ibed i n  Fig.  2 (a) .  

-3 

(b) The charge 

Inasmuch as t h e  Debye p o l a r i z a t i o n  cloud is  negat ive  ( for  p o s i t i v e  q ) ,  

w e  see t h a t  t h e  p o l a r i z a t i o n  cloud is reduced i n  t h e  ou te r  region and 

t h e  inne r  teardrop  shaped regions marked (+), and enhanced i n  t h e  

reg ion  marked (-). Thus even this co r rec t ion  is not  a simple f l a t t e n i n g  

of t h e  p o l a r i z a t i o n  cloud as predic ted  by t h e  moment equations.  I n  

f a c t ,  one may demonstrate t h a t  t h e  t r a n s f e r  of charge from t h e  "teardrop" 

reg ions  i s  somewhat l a r g e r  than t h a t  from t h e  ou te r  region. I f  w e  

assume t h a t  t h e  s lowest  ion  i s  much slower than t h e  next s lowest ,  so 

t h a t  B % ma2!, one f i n d s  f o r  t h e  t o t a l  charge i n  t h e  "teardrop" regions 

where V i s  t h e  "teardrop" reg ion  def ined by i 
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and t h e  f i n i t e  i n t e g r a l  i n  (39) has  been ca l cu la t ed  approximately by 

numerical i n t e g r a t i o n .  

S imi l a r ly  t h e  charge i n  the "outer" reg ion  i s  given by 

where t h e  region Vo is  defined by 

(c) Equation (38) r ep resen t s  a r e d i s t r i b u t i o n  of charge,  no t  an add i t ion  

o r  sub t r ac t ion ;  the t o t a l  amount of charge remains cons tan t  as can be 

shown by the d i r e c t  c a l c u l a t i o n  of 

(d] T h e  discrepancy between t h e  r e s u l t s  of I and t h e  co r rec t ion  (38) i s  

not  e n t i r e l y  due t o  t h e  neg lec t  of t h e  imaginary p a r t  of t h e  d i e l e c t r i c  

func t ion  (unl ike t h e  f i r s t  order  co r rec t ion  (29) which i s  missed by 

t h e  moment equat ion t rea tment ) .  

of A-, we would have found a charge d i s t r i b u t i o n  l i k e  t h a t  depicted i n  

Fig.  2(b) (which i s  t h e  oppos i te  of a f l a t t e n i n g  of t h e  p o l a r i z a t i o n  

cloud!).  On t h e  o the r  hand, i f  one expands t h e  slow p a r t i c l e  r e s u l t  

of I i n  powers of t h e  Mach number, the f i r s t  co r rec t ion  (O(M-,)) t o  t h e  

Debye cloud resembles Fig.  2(b) except t h a t  t h e  Debye l eng th  is  o f f  by 

I f  w e  had neglected t h e  imaginary p a r t  
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a f a c t o r  of 6 and the charge c o r r e c t i o n  has oppos i t e  s ign .  

be understood no t ing  t h a t  t h e  neg lec t  of t h e  imaginary p a r t  of A' 

( c f .  (17)) l e a d s ,  f o r  an e l e c t r o n  gas  i n  a p o s i t i v e  background, t o  

This can 

whereas the moment equat ions (compare t h e  f i r s t  term of (12) with 

(1.32)) g i v e ,  i n  our n o t a t i o n  

Thus it i s  apparent t h a t  the moment equations g i v e  t h e  wrong s i g n  on 

t h e  O(M2) c o r r e c t i o n  t o  the real p a r t  of t h e  d i e l e c t r i c  func t ion .  

From the above, w e  are forced t o  conclude that  the moment equations 

l ead  t o  r e s u l t s  f o r  slow p a r t i c l e s  which are q u a l i t a t i v e l y  i n c o r r e c t  i n  almost 

every d e t a i l  (a f a c t  which should n o t  g r e a t l y  s u r p r i s e  anyone who has 

t r i e d  t o  estimate the range of v a l i d i t y  of t h e  moment equation t reatment) .  

F i n a l l y ,  w e  t u r n  t o  the " t r ans i en t "  c o n t r i b u t i o n  given by t h e  second 

term of (12). I n  view of the exponent ia l  f a c t o r ,  we may restrict our- 

selves t o  k << K. (The c o n t r i b u t i o n s  neglected thereby w i l l  be  damped 

exponent ia l ly  i n  t i m e  w i t h  a l i f e t i m e  of o rde r  a plasma period. 

be  r e c a l l e d  that w e  are assuming Maxwellian f ,  and thus need n o t  worry 

about growing r o o t s  of A-(w,$ = 0.) For s i m p l i c i t y  we consider  a 

two-component system i n  which the i o n s  and e l e c t r o n s  have t h e  same 

temperatures and t h e  ions  are much heavier than the e l ec t rons .  Then 

t h e  least damped r o o t s  of A-(w,$.) = 0 are given approximately by t h e  

Landau p o l e s  

It w i l l  
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where 

wi th  

Q2(k) = wO2 (1 + $) 
K 2  

U 

8k' Y(k) = ( 4 3 )  

n e 2  
w -  
0 m 9 (44) 

and K is given by (19). 

usua l  forms because,  from the o u t s e t ,  we have taken K t o  be t h e  t o t a l  

Debye wave number, no t  j u s t  the e l e c t r o n  con t r ibu t ion  (observe that 

e l e c t r o n s  and s i n g l y  charged ions  of the same temperature g ive  equal  

con t r ibu t ions  t o  (19)). I n  de r iv ing  ( 4 2 1 ,  (43) we have neglected 

terms propor t iona l  t o  the mass r a t i o s  which could e a s i l y  be included 

and would no t  change the gene ra l  cha rac t e r  of the r e s u l t .  

(41) - (43) we have 

Equations C42), (431 d i f f e r  s l i g h t l y  from t h e  

I n  view of 

so  that t h e  denominator (an - 

be expanded, and w e  w i l l  keep only the f i r s t  two terms ( the  &-funct ion 

c o n t r i b u t i o n  i s ,  of course ,  n e g l i g i b l y  smal l ) .  Furthermore 

i n  the second term of (12) may 

2 
a A- (w , k) 2w0 

% + -  
m a ,  (J4 
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f 

It fol lows t h a t  w e  may write the second term of (12) approximately a s  

if 
- y V G - q ?  2k'?t cosLysinT(13-3 ) i- 

'e 

where 

k/K, & = K& T = w o t  Y 

and 

d.Q 
0 

I' (k/K)= 
0 

9 

( 4 7 )  

( 4 8 )  

(4 9) 

i .e. r i s  y made dimensionless and expressed i n  terms of t h e  dimensionless 

wave number. Note t h a t  the d i s t a n c e  6 i s  the d i s t a n c e  from t h e  i n i t i a l  

p o s i t i o n  of the p a r t i c l e ,  not  from t h e  present  p o s i t i o n  of the p a r t i c l e  

(which i s  E - E t ) .  Thus i n  t h e  neighborhood of t h e  p a r t i c l e ,  

Now f o r % <  1, l"(g < I, so  con t r ibu t ions  from t h i s  region w i l l  be 

exponent ia l ly  damped. 

w e  may estimate (47 )  by rep lac ing  the l i m i t s  by ( 0 , l )  and dropping t h e  

f a c t o r  e . It should be emphasized t h a t  t h e r e  are terms which go as 

e ; however, t h e  main con t r ibu t ion  w i l l  be  shown t o  decay much more 

On t h e  o the r  hand, f o r  $,<< 1, r(J) + 0; the re fo re  

-rT 

-T 

slowly 0 
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. 

The form of (47) s t rong ly  sugges ts  t h a t  t h e  r e s u l t  may be expressed 

i n  terms of Fresne l  i n t e g r a l s ,  and this i s  indeed t h e  case;  but t h e  

r e s u l t i n g  expression is  s o  long as t o  be  unwieldy. 

l i m i t i n g  cases can be approximated without d i f f i c u l t y .  F i r s t l y ,  i f  

T >> L2, t h e  r ap id  o s c i l l a t i o n s  of the f a c t o r s  c0sT(1+3$~), ~ i n T ( 1 + 3 3 ~ )  

However, two important 

-1 /2 
i n s u r e  t h a t  t h e  main con t r ibu t ion  t o  the integrand comes from 2 2  (373 Y 

<< 1. It fol lows t h a t  w e  can l e t  $. + 0, except i n  t h e  
so that 7 - fi 
r a p i d l y  o s c i l l a t i n g  f a c t o r s  t o  ob ta in  

1 m But 

COST (1+?) = du [COST cosu2 - sinT s inu2] .  I 
(52) 

0 
fi 

0 

For l a r g e  T,  w e  may r e p l a c e  t h e  upper l i m i t  by co and use 

r ca 

du cosu2 = du s inu2  = 3 4 
0 0 

t o  ob ta in  

1 

COST (1+3#) 5 $ 6 (COST - s inT) ,  

T >> 1 0 

Simi la r ly  

1 yJ2sinT(1+3$2) = 1 

1 

[COST - sinT] T >> 1 . 
0 

(53) 

(54) 

(55) 
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It fol lows t h a t  

On the o t h e r  hand, f o r  L >> fi >> 1, t h e  o s c i l l a t i o n s  of the form 

(sin) (3a2T) may be  ignored and one f i n d s  cos 

0, % 9 COST L >> fi >> 1 ( 5 7 )  

From (56), (57) i t  i s  evident  t h a t  t h e  " t r ans i en t "  con t r ibu t ion  

w i l l  d i e  o u t  a t  least as f a s t  as (wot)-1'2, independent of R. To be 

s u r e ,  th i s  is n o t  a very r ap id  decay, and it appears t h a t ,  even 

neg lec t ing  boundary e f f e c t s ,  one may have t o  w a i t  many plasma per iods 

f o r  the onse t  of the "steady state." 

This completes the s tudy of t h e  "slow p a r t i c l e "  problem. It w i l l  

be  noted t h a t  w e  have found a number of q u a l i t a t i v e  d i f f e r e n c e s  from 

the u s u a l  moment equat ion treatment.  

where Vmin is the thermal v e l o c i t y  of the slowest ion,  it is  doubtful  

whether t h e s e  d i f f e r e n c e s  can be t e s t e d  experimentally.  (A t reatment  

of the r eg ion  Vi << u << Ve, which is  s l i g h t l y  more d i f f i c u l t ,  has been 

given by Kraus and Watsone3) 

Since w e  have assumed u << V min' 

It should be pointed out that the qual i -  

t a t ive  d i f f e r e n c e s  foymd here a l s o  occur i n  t h e  common (but somewhat 

u n r e a l i s t i c )  model of an e l e c t r o n  gas  i n  a "smeared out" p o s i t i v e  

background. 



-19- 

I V .  Superthermal Particles 

. 

W e  now t u r n  t o  t h e  case where t h e  i n j e c t e d  p a r t i c l e  is  t r a v e l l i n g  

much f a s t e r  than the thermal speed of any of t h e  components of t h e  

plasma. I n  this case, i t  i s  convenient t o  w r i t e  t h e  f i r s t  term of(12) 

i n  c y l i n d r i c a l  coord ina tes  with as the>-axis.  

(ut  -3) -k1 - -  R , COS$] 

( 5 8 )  
(k2 3. kp) A-(k u ,  J’k2 f kT ) 2 . 3 -  - -- 3 0 0 

W e  propose t o  do t h e  i n t e g r a t i o n  by c los ing  t h e  contour i n  t h e  

upper h a l f  plane f o r  u t  > & (behind t h e  p a r t i c l e )  o r  i n  t h e  lower ha l f  

p lane  f o r  u t  < The following p r o p e r t i e s  of A-(k u ,  dk2 + kT i n  t h e  

4 

8 3 -  
plane  may be deduced from (10) o r  (16):  (a) It has branch 

= + i k , ,  w i th  branch c u t s  which may be taken t o  run from 
% 

po in t s  a t  

i k ,  - t o  i- and (- ik , )  - t o  (-i-). 

i s  a n a l y t i c  except f o r  t h e  branch c u t ,  has no zeroes ,  and approaches 

u n i t y  on t h e  l a r g e  and s m a l l  c i r c l e s  I k$ 4- - and k g +  - ik ,  - e (c )  I n  t h e  

upper h a l f  plane A- has  an i n f i n i t e  number of zeroes ,  approaches un i ty  

as Ik3/ + -, and approaches either 0 o r  00 as %+ ik,, depending on 

t h e  d i r e c t i o n  of approach ( the  exact  behavior w i l l  be shown l a t e r ) .  

% -  - - 
% A  (b) I n  t h e  lower ha l f  plane of 

We f i r s t  d i s c u s s  t h e  p o t e n t i a l  i n  f r o n t  of t h e  p a r t i c l e ,  p > u t .  

I n  view of (b) above, t h e  i n t e g r a t i o n  from (--,a) may be replaced by 

an i n t e g r a l  over t h e  pa th  C of Fig.  3.  The i n t e g r a l  over t h e  l a r g e  c i r c l e  

c l e a r l y  vanishes;  t o  eva lua te  t h e  i n t e g r a l s  around t h e  branch cu t  and 

t h e  branch po in t  (which i s  a l s o  a pole)  w e  need t o  cons i s t en t ly  de f ine  

t h e  phase of ( + k:) - 1 / 2  . W e  f i r s t  no te  t h a t  A- may a l s o  be w r i t t e n  a s  
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andD-  i s  a n a l y t i c  i n  t h e  lower ha l f  plane of i t s  f i r s t  argument. L e t  

u s  choose t h e  phases of k + i k ,  - i n  t h e  following way: 8 
i o  1 i 4 2  

3 -  % -  i kL  = R l e  , k +. i k ,  = R2@ (59) 

and (k2 + kT)1/2 i s  def ined as 
5 -  i($, + 4-1 

It i s  clear t h a t  t h i s  choice of phase l o c a t e s  t h e  branch c u t s  a s  s t a t e d  

above. I n  f a c t ,  we may no te  the phase of (k2 + k:)1/2 j u s t  t o  t h e  l e f t  & -  
and r i g h t  of t h e  imaginary axis as fol lows 

L R 

(65) 
31T 
2 

< a <  - lT On t h e  s m a l l  c i r c l e  i n  F ig .  3 ,  k = - ik ,  - + 6 cia, - 2 3 
and the d i e l e c t r i c  func t ion  i s  

i 
k ,  - y(a +") , -2 ik ,6  e ia\ I - 
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where we have used (61) with 

R =2k, - , R 2 = 6  
1 

Since the first argument of (66) -s in the lower half plane, we may 

use the asymptotic form 

where w is given by Eq. ( 4 4 ) .  Denoting the contribution of the small 

circle by $ we have 

0 

lP 

2 

The integrals in (67) may readily be approximated in the limits 

I &  - ut I >> u/wo and I &  - ut I << u/w . 
contribution comes from k, - << wo/u, and one finds 

For the former case, the 
0 

03 27r -k, ( -ut+iR,cos+) 
= (4u2/27rwO2) d$ f dk~k: e -3 - (1 + o(u2/,; 

0 0 

nain 

R-u % %  t 1 ')] 
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On t h e  o the r  hand, i n  the oppos i te  l i m i t ,  

2 

-. 

c 

where we have def ined L($) E&- u t  + iR,cos+ - 

and used t h e  i n t e g r a l s  

21T 

2 (71) 21t = d 
11 = j a + it cos4 Ja2 + b2 

0 

21T 
lT - dc$ 1 a 2  - = -7 I1 - (a2+b2> 3 / 2  I 2  - (a + i b   COS$)^ 2 aa 

0 
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27r 

d$(a + i b  cos$] log(a + i b  cos$) = 21-r 

0 

- da2 + b2 i (73) 

Thus w e  see t h a t  t h e  con t r ibu t ion  t o  t h e  p o t e n t i a l  near  t h e  p a r t i c l e  

i s  approximately t h e  p o t e n t i a l  of t h e  ba re  charge,  while  f a r  from t h e  

p a r t i c l e  t h e r e  is a screening  e f f e c t ,  l ead ing  t o  an R-3 behavior. 

s h a l l  demonstrate later t h a t  t h e r e  is no induced charge i n  f r o n t  of t h e  

p a r t i c l e . )  The p o t e n t i a l  i n  f r o n t  of t h e  par t ic le  is  due mainly t o  the  

i n t e g r a t i o n  around t h e  s m a l l  c i r c l e  a t  t h e  branch po le  (Fig.  3 )  t h a t  we 

have j u s t  c a l c u l a t e d ,  because,  as w e  s h a l l  now show, t h e  remaining con- 

t r i b u t i o n s  from t h e  s t r a i g h t  l i n e s  along the  branch c u t  are n e g l i g i b l e  

f o r  a f a s t  p a r t i c l e .  

(We 

The con t r ibu t ion  of t h e  s t r a i g h t  l i n e  pa ths  i n  Fig.  3 can a l s o  be 

est imated without d i f f i c u l t y .  Pu t t ing  

0 0 0 

using (61), (64),and c a l l i n g  t h i s  con t r ibu t ion  $,B9 one f i n d s  
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c- In each term of (74), the f i r s t  argument of& is rea l ,  and of 

magnitude u. S ince  w e  are assuming that u >> V f o r  a l l  0 ,  w e  may 

u s e  the asymptot ic  forms ( r ead i ly  obtained from (16) f o r  l a r g e  w/k) 

0 

where 

u 2  
’tr 0 

D , = + l +  u2(w+k,)2 - 
u2 (w+k - , ) ’ 

9 (77) 

where wo i s  given by (44). It fo l lows  that (74) i s  given approximately 

It is convenient t o  in t roduce  a new v a r i a b l e  by 

o r  
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whence 

21T 

0 

W 

d+ J- 
0 

where 

1 

- 

-ik,R,cos+ - -  
dk,  e 

U Because of t h e  f a c t o r  e , t h e  integrand goes t o  zero r a p i d l y  f o r  

v > Vo/u, t h e r e f o r e ,  a n  o rde r  of magnitude estimate of (81) may be 

obtained by r ep lac ing  the f a c t o r  (1 + v2> e-u 2 2 2/v 2 
0 by u n i t y  and t h e  

upper l i m i t  of t h e  v i n t e g r a t i o n  by V /u. Thus 
(5 
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0 0 

-u2/v2 
0 

k 2ue  
00 -ik,R,cos$ dk, 8 - - 271- 

(5 - 
0 

k12 - V d+ 
dv v2 

0 

0 0 0 
( 5 0  

v(5 

O 2uv 0 ( 1 + ‘n uv;: ) 
I n  o rde r  t o  g e t  an o r d e r  of magnitude e s t ima te  of (83 ) ,  we d i v i d e  t h e  k ,  

i n t e g r a l  i n t o  two regions,  corresponding t o  v 

For VO << u, t h e s e  r eg ions  correspond approximately t o  k ,  << w V /u2 and 

k ,  - >> woVo/u2. 

two r eg ions ,  and assuming t h e r e  i s  no resonance i n  t h e  region 

k ,  % w V /u2,  one has  approximately 

- 
<< V /u and vo >> V /u.  

0 0 0 

0 0  - 
The square b racke t  i n  (83) i s  e a s i l y  estimated i n  t h e  

0 0  - 

The o rde r  of magnitude of the remaining i n t e g r a l s  can be estimated 

without d i f f i c u l t y ,  and one f i n d s  
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m a  -u2/v2 
K- u e  2 0  V max 

where V 

e l e c t r o n s ) .  Thus f o r  h ighly  suprathermal  p a r t i c l e s ,  t he  branch c u t  con- 

t r i b u t i o n  may be neglected.  

We now t u r n  t o  t h e  c a l c u l a t i o n  of t h e  f i e l d  behind the  p a r t i c l e  

i n t e g r a l  i n  (58) must 

is  t h e  thermal v e l o c i t y  of t h e  f a s t e s t  component (usua l ly  max 

(u t  > 9. 
be  closed i n  t h e  upper h a l f  plane,  and one f inds ,  i n  addi t ion  t o  the  pole  

I n  t h i s  case,  t h e  contour of t he  k 3 

and branch c u t  c o n t r i b u t i o n s , r e s i d u e s  from t h e  zeroes  of A-. W e  w i l l  

a l s o  see t h a t  only p a r t  of t h e  r e s idue  con t r ibu te s  from t h e  pole  a t  k 2 = ik,. 

S p e c i f i c a l l y ,  on a s m a l l  circle around k = i k , ,  one may w r i t e  k :  

and t h e  corresponding d i e l e c t r i c  func t ion ,  according t o  (58-a) and (61) i s  

We see t h a t  t he  f i r s t  argument of (87) is  i n  the  upper ha l f  plane. It 

is then easy t o  show from (16) t h a t  
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It fol lows t h a t  only h a l f  of the r e s idue  con t r ibu te s  a t  k 

The r e s u l t  f o r  (9 behind t h e  p a r t i c l e  is  thus  j u s t  one-half t h e  

r e s u l t  ( (68)  and (69) o r  (67) with - u t  replaced by u t  ) f o r  t h e  

corresponding p o i n t  i n  f r o n t .  

J = ikLe 

IP 

3 -3 

The con t r ibu t ion  from t h e  branch cu t  again proves t o  be n e g l i g i b l e  

f o r  u >> V * w e  now t u r n  t o  the con t r ibu t ion  from t h e  zeroes of A - .  I f  

we are very n e a r  t h e  p a r t i c l e ,  t h e r e  i s  no obvious reason t o  assume 

t h a t  w e  can neg lec t  t h e  c o n t r i b u t i o n  of any of t h e  i n f i n i t e  set of 

zeroes of A-. However, i f  w e  are w e l l  behind ( i - e . ,  several Debye 

l eng ths  behind) t h e  particle,we may restrict ourselves  t o  t h e  "least 

damped" po le s ,  i .e.,  t hose  wi th  t h e  smallest imaginary p a r t .  These 

are t h e  u s u a l  Landau po le s ,  only now expressed i n  terms of k We 

assume that f o r  these r o o t s  

5' 

$ 

and 

I m  k << R e  k . s 8 
The i n t e g r a l  term i n  (16) may be  approximated by 

and w e  may w r i t e  
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where 

and 

k. 

2k u 

(k 2-t- k ,  )3 
q ( k  kL) = &-&+, exp [- k 2u2/V 2(p k 1 2 j  - ( 9 4 )  3 °  ;3' G O %  - 

In  v i e w  of t h e  assumption (go), w e  seek zeroes  of P - o f  t h e  form 

k$= 5 ko + ido ,  Idol << lkol (95) 

and t ake  k t o  be t h e  p o s i t i v e  real r o o t  of 
0 

#q (ko,kJ = 0 (96) 

or I I L 

k =  
0 

It w i l l  be  observed t h a t  (97) s a t i s f i e s  (89) ,  provided t h a t  

w 0 J1 - viax'u' 

'max 
k ,  << - 

where Vmax is t h e  speed of the f a s t e s t  spec ie s  i n  t h e  system. 

eva lua t ing  t h e  k ,  - i n t e g r a l ,  we w i l l  have t o  check f o r  consis tency;  t he  

main con t r ibu t ion  should come from t h e  region descr ibed by (98 ) .  

I n  

So f a r  

w e  have assumed t h a t  u > V G 9  a l l  0 ;  the s t ronger  condi t ion u >> V has 
0 
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no t  been needed. 

is s m a l l  compared t o  (wo/u) 

t o  r e t a i n  t h e  maximum range of q u a l i t a t i v e  v a l i d i t y ,  i t  i s  u s e f u l  t o  

I n  v i e w  of (98),  the term propor t iona l  t o  k , 2  i n  (97) 

and w e  could expand (97) ; however, i n  order  

- 

leave (97) as it s t ands .  

To determine t h e  damping do$ w e  e x p a n d n - i n  t h e  usua l  fashion,  i . e .  

/an 
p- = q ( k o , k L )  -I- ido _L ) + . . . - q ( k o , k L )  + . = 0 

o r  

'L 
'L 

The c o n t r i b u t i o n  of t h e  Landau po le s  def ined by (95) ,  (97), (100) t o  

t h e  f i r s t  term of (12) i s  then given by 

-ik,R,cos+ - -  
k,dkl e 27r m 

0 0 

X 

(101) 

So f a r ,  t h e  number and p r o p e r t i e s  of t h e  components of t h e  plasma 

have been l e f t  a r b i t r a r y .  

(ve loc i ty  V,  mass m ,  charge -e, d e n s i t y  n) are much l i g h t e r  and much 

f a s t e r  t han  any o t h e r  spec ie s .  

For s i m p l i c i t y  w e  now assume t h a t  t h e  e l e c t r o n s  

Then 
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n e 2 V 2  u u  u VL02 
3- m 41r w 

0 
U (J 

We also define an electron Debye wave number by 

Introducing the dimensionless variable 

x = k,/ke - Y 

and the shorthand 

a = l + S  3v2 

w (ut 
b =  2uR dF u k R, - 

e -  

M = u/V 

* 
.one may write (101) as 

Y 

(102) 

* Strictly speaking, the integral in (109) does not converge. This 

is because the root (971, (100) is only valid for x << 1. For x >> 1, 

, which gives strong damping. ix- 
M the appropriate root is (k /ke) 2 3 
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0 0 

X 

;I 312  
(a + Ja2 + 12x s i n  N a + Ja2 + 12x2 

[a + /az + 12xz + 4M2x2] 

a [ a  + Ja2 + 12x2 + 4M2x2]3/2 

(109) 

The cond i t ion  (98) imp l i e s  that  the main c o n t r i b u t i o n  t o  (109) 

should come from t h e  r eg ion  

I n  a d d i t i o n ,  we  w i l l  assume i n  most of what fol lows t h a t  t h e  po in t  of 

obse rva t ion  is  f a r  behind the p a r t i c l e ;  s p e c i f i c a l l y ,  a number of Debye 

l eng ths  much g r e a t e r  t han  the Mach number. I n  o t h e r  words, w e  assume 

I n  t h i s  l i m i t ,  (109) may be  evaluated approximately by t h e  method of 

s t a t i o n a r y  phase. 

follows: I f  A i s  a l a r g e  number and f ( y ) ,  g(y) are continuous, i n f i n i t e l y  

The p r i n c i p a l  theorem employed may be s t a t e d  as 

d i f f e r e n t i a b l e  func t ions  on [ a , b ] ,  then 

b 
iAg(y) 2 

dY f ( Y )  e 
a 
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2 

2 

where the yn are t h e  r o o t s  ( i f  any) on [a ,b]  of 

g'(Yn) = 0 9 

and 

= 1 otherwise (112) 

I f  t h e r e  are no r o o t s  of ( l l l ) ,  the i n t e g r a l  i n  (110) i s  O(A- ' ) ,  and 

may be evaluated more p r e c i s e l y  by p a r t i a l  i n t e g r a t i o n  i n  any given case.  

Equation (109) may be  c a s t  i n  the form 

0 0 

where 
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3 / 2  q kem(a + Ja2 + 12x2)  

ra[a + Ja2 + 12x2 + 4M2x2] 
A(x) = - X 

- 

9 (114) 

2&NM3[a + Ja2 + 12x21 2 exp [- M 2 /  (L + 

a[a + Ja2 + 12x2 -I- 4M2x2] 

4 M 2 X 2  
a + Ja2 + 12x2 
3 / 2  

h,(x,cp) = k /a + Ja2 + 12x2 -  COS @ ) / b  

Inasmuch as A(x) i s  n o t  t oo  r a p i d l y  varying i n  t h e  sense prescr ibed 

i n  (110) , w e  may apply (110) t o  (113). One f i n d s  

I n  o rde r  f o r  real, p o s i t i v e  r o o t s  of (116) t o  exis t ,  one must have 

+ cos  cp > 0 - 

One then f i n d s  t h e  r o o t s  

For t h e s e  r o o t s  t o  be  real, one must r e q u i r e  t h a t  

Y 
b 
2 [ c o s  $ 1  < - 

The cond i t ion  x << 1 cannot be s a t i s f i e d  by t h e  upper s i g n  of (118), 

inasmuch as one can e a s i l y  show t h a t ,  f o r  t h a t  case, 
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Therefore ,  w e  d i s c a r d  this r o o t  and consider  only t h e  neighborhood of 

(121) 

The r o o t  (121) w i l l  s a t i s f y  x << 1 i f  

which raises the p o s s i b i l i t y  of expanding (121) i n  powers of 

However, w e  w i l l  leave (121) i n  its p resen t  form i n  hopes of ob ta in ing  

a q u a l i t a t i v e l y  v a l i d  r e s u l t  f o r  the region 

I n  o r d e r  t o  apply (110) we need t h e  following: 

and 

3x0 (cos$) 

h*(Xo'$) = f- ba 

n I 1 

where we have used (116), (121) and the s implifying r e l a t i o n  

( 1 2 5 )  
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It w i l l  be  observed t h a t  (123) i s  zero f o r  

r: 

so  that  the method breaks down f o r  this region. 

p o i n t  later. For the p r e s e n t ,  w e  consider  only t h e  region 

W e  w i l l  r e t u r n  t o  t h i s  

f o r  which a2h,/ax2 - # 0 ,  x=x 
0 

Then from (110), (113), (1171, (1211, (1231, and (124) we  have 

where A(x)  i s  given i n  (114) ,  and where 

The  $I i n t e g r a l  may a l s o  be  done by the method of s t a t i o n a r y  phase. 

It i s  evident  tha t  
r 
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But x ($) is  no t  ze ro  u n l e s s  cos  $ = 0, i n  which case t h e  c o e f f i c i e n t  of 

e i n  (126) is  zero;  t h e r e f o r e ,  the c o n t r i b u t i o n  from t h e  region 

around x (9) = cos  + = 0 is n e g l i g i b l e .  Thus t h e  r o o t s  of i n t e r e s t  are 

those  f o r  which 

0 

0 

s i n  I$ = 0 n 

o r  

= ( 0 ,  71, 2Tr) 'n 

It fol lows t h a t  

where w e  have used (117). 

(126) t o  o b t a i n  

The  theorem (110) may now be  appl ied t o  

4sb2A[xoC$,) 1 COS NIH($n) - -1 71 
(131) , b - >> N'2/3 2, 

4a 4 a  +1L - 
@ - - +  3 b C -  3 3 

(it w i l l  b e  noted that xo($ol = x,($,) = x ~ ( $ ~ ) ) .  

Equations (131), (129), (1271, (121) and (114) g ive  a complete 

d e s c r i p t i o n  of t h e  "Landau" c o n t r i b u t i o n  t o  t h e  p o t e n t i a l  f o r  t h e  region 

( t h i s  r e s t r i c t i o n  is  imposed because of t h e  r e s t r i c t i o n  Ig"I >> I (g"')2/X / 
i n  (110)). The r e s u l t  (131) may be s i m p l i f i e d  considerably except i n  

t h e  neighborhood 
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P 

For b >> im, everything may be  expanded i n  powers of we 
has 

One 

and 

Using a l s o  ( log) ,  one f i n d s  

S imi l a r ly ,  i f  

one may ignore  terms hi2 - 4a/3 compared t o  u n i t y ,  which g ives  
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- 
03 

- 
H(gn) - 4 = - 3JG 4 [I + - J4a/3 + O((b - 4 W ) 3 1 2 ) ]  , 

2JZ 

x=x 
0 

Inasmuch as "a" is 0(1) ,  w e  see t h a t  the p o t e n t i a l  is  exponent ia l ly  

damped wi th  a damping l e n g t h  of order  (Debye l eng thx  Mach numbe$. 

W e  now t u r n  t o  t h e  reg ion  

where our previous approach breaks down. 

i s  very s imple;  f o r  t h i s  reg ion ,  not  only h:(x ) but a l s o  hy(xo) i s  

nea r ly  zero.  Thus we have a higher  order  s t a t i o n a r y  phase poin t  a t  

x = x . T h i s  s i t u a t i o n  may be t r e a t e d  by s tandard techniques.  One 

needs t h e  t h i r d  d e r i v a t i v e  

The reason f o r  t h i s  breakdown 

- 0  - 

0 
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m 

/ 3  (a  3h, /ax3),3 

/ 3  
X 
0 

The 4 i n t e g r a l  can be done i n  e x a c t l y  t h e  same manner as before ,  and 

one f i n d s  

x cos [-.- 3 6 N  (1 + b - m  ) -:] , 
24% 

W e  now t u r n  t o  t h e  region w e l l  o u t s i d e  t h e  Mach cone, i . e .  

where t h e  moment equat ions p r e d i c t  no induced f i e l d s .  I n  t h i s  region,  

t h e  f a c t o r  e -iNx (cos41 bis dominant, and t h e  main con t r ibu t ion  comes 

from t h e  r eg ion  
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Noting t h a t  

27r 
d+ e -iNx(cos$)/b = '27rJ0(nx/b) 

0 

one estimates from (109) 

X 
0 

+1L 5 - 2qke m M  s i n  & N  dx xJo(Nx/b) 

0 

where x 

A good estimate should be  obtained by t ak ing  x 

asymptotic form f o r  t h e  Bessel func t ion ,  which l e a d s  t o  

i s  chosen t o  be much less than  u n i t y ,  bu t  g r e a t e r  than b/N. 
0 

= 1 and using t h e  
0 

The same estimate is  a l s o  v a l i d  f o r  N < 1, provided t h a t  

N/b k R << 1. e l  

(141 

This leaves unestimated ( a s ide  from the " t r a n s i t i o n  regions" 

R,  - % ke-l, u t  -2 u/wo) on ly  t h e  i n t e r i o r  of  t h e  cy l inde r  def ined by 

k R ,  << 1, wo(ut -$)/u << 1. e -  
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For t h i s  reg ion ,  i t  is  convenient t o  rewrite t h e  f i r s t  term of ( 1 2 )  

i n  s p h e r i c a l  coord ina tes  and s u b t r a c t  ou t  t h e  Coulomb f i e l d ,  i .e. 

m 1 271. 

0 -1 0 

i k [  ( u t - $ p + R g m  cos+] 

- I1 
- e I A-(k:p, k) 

1 2.rr i k [  ( u t - $ v + R , m  - cos+]  
= - -  q k e 2 j d l c  f dp f d + e  

2-n2 
e 0 -1 0 

where 

0 

Introducing t h e  n o t a t i o n  

and t h e  s u b s t i t u t i o n  

one may cast (142) i n  t h e  form 

0 -1 0 
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Because of the Y in the numerator, the main contribution to the p inte- 

gration will come from l~ 2 1/M; from the definition (144) and our 

assumptions about the smallness of k R,, ke(ut -%)/M, we then have e -  

From the definition (143), it is evident that 

so the second term in the denominator of the integrand in (146) is a 

small (complex) quantity. 

The v integration is not difficult to do in terms of known 

integrals, although one must be careful with the phases. 

using partial fractions, 

One finds, 

0 -1 

Here S(6)  is a step function, and we have taken 
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h 

1/2  
so  t h a t  Y is  i n  t h e  r i g h t  h a l f  plane,  and used the d e f i n i t i o n  

(151) 
1 

0 2  IY, = - a rg  Y(Mu) 

The @ i n t e g r a t i o n s  may b e  done w i t h  the a i d  of the known i n t e g r a l s  

 appendix)^ d@ la + b cos $ 1  = 2 ~ r ( a l  S ( l a1  - b) 

( see  

0 

a 
b +4[a arcsin - +  i b 2  - a21 S(b - , 

and 

d@(a + b cos @) l og  / a  + b cos $ 1  
0 

= 27ra 1 - l og  2 + S(b - la!> l o g  b i 
(153) 

Ja2 la - I b21 I ' 4- S(lal  - b) + da2 - b2) - 
where S i s  aga in  a s t e p  

It fol lows that 

where 

-M 
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M 
=i IY (w) I + i argY (w) c4 a 

-M 

+ S ( l w l  - Msin e) l og  

M 

c p  = - -2 l d w  Y(w) dM2sin2f3-w2 SCMsine- I w l )  
a 

-M 

- i sgn w dw2-M2sin2e S(lwl-Msin0) . (160) 1 
H e r e  e is  t h e  ang le  b e t w e e n e t  - 8)and z .  W e  show i n  t h e  Appendix 

how the i n t e g r a l s  (155)-(160) may be evaluated approximately. The r e s u l t  

i s  

where 

w cos0 + Jw2-M2sin28 

w cose - dw2-M2sin28 
dw w7e-w2 l o g  

ne 
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and 

m 

wemw2 h2 -M2 s i n 2  8 

The func t ions ,  A, B have the fol lowing p r o p e r t i e s :  

m 

c 

, Msine >> 1 'L -M2sin28 
% - 2 e  

'L 
B ( e )  = 2 , Msine << 1 

, Msine >> 1 -M2 s i n 2  0 % 2 e  

In p a r t i c u l a r ,  we n o t e  two limits: (1) A t  t h e  midplane, u t  -s.= 0 ,  

and 

Comparison w i t h  ( 6 9 )  shows that t h e  p o t e n t i a l  i s  continuous ac ross  t h e  

midplane. (2) On t h e  a x i s ,  R ,  - ,= 0 = s i n e ,  

- l og  M2 - 1 
U 

dw d (logw) f 2 1  
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This i s  a l s o  continuous a t  the p a r t i c l e ,  but  t h e  corresponding e lec t r ic  

f i e l d  is bo th  discont inuous and s i n g u l a r ,  j u s t  as i n  t h e  moment equation 

t reatment .  

F i n a l l y ,  w e  should say  a word about t h e  " t r ans i en t s "  given by t h e  

second term of (12). 

c y l i n d r i c a l  coord ina te s  as 

T h i s  i n t e g r a l  may be w r i t t e n  approximately i n  

I e-iwot 
w f k,,u - i€ + 
0 

where we have used the f a c t s  that 

168) 

The u s e  of (169) imp l i e s  t h a t  t h e  main c o n t r i b u t i o n  comes from s m a l l  k, 

which should be  checked i n  the course of eva lua t ing  t h e  i n t e g r a l  ( t he  

c o n t r i b u t i o g  from l a r g e  k w i l l ,  of course,  be  s t r o n g l y  damped). We 

n a t u r a l l y  assume that the p o i n t  of observat ion i s  i n  f r o n t  of t h e  

po in t  where the p a r t i c l e  i s  i n j e c t e d ,  i.e. 3. 3r 0 ( i n  a more real is t ic  

t reatment  w e  would assume t h a t  t h e  h a l f  s p a c e > <  0 w a s  empty). 

k,, i n t e g r a t i o n  may b e  done immediately and one f i n d s  

The 
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e-iwot 
m 

- k , [ p i R , c o s $ ]  q w O  - - 
wo-ikLu 

= -  
92  41T 

0 0 

- i w o  (ut-!?, (@) ) -y!?,(9) 
BY!?, (9) U dy e 

21T 

- e  - 
dy Y Y 

- 3 1  h l u  d@ Y 

0 - -  0 - U 
U 

h 

where 

The y i n t e g r a l s  i n  (170) are more o r  less s t anda rd ,  and we w i l l  do 

them approximately i n  two limits. F i r s t ,  f o r  w R/u >> 1, t h e  y i n t e -  

g r a t i o n s  may be  done by p a r t i a l  i n t e g r a t i o n ,  and w e  f i n d  

0 

c 

21T q cos w t 
0 

q cos w t 

R 
Ik 

92 - 21T 
0 

where w e  have used (71). On t h e  o t h e r  hand, f o r  woR/u << 1, w e  use 

m 

% - y - l o g €  J t dx:-x % 

t o  o b t a i n  

TCOS m o t  - s i n  w t 
0 

% quo 
92 2lTu 

= -  

= - qwO lncos w t - s i n  w t 
U 0 0 

(173) 

(174) 

Thus i t  appears t h a t  t h e r e  i s  a r e s i d u a l  o s c i l l a t i n g  p o t e n t i a l  around 

t h e  i n i t i a l  p o r t i o n  of t h e  i n j e c t e d  p a r t i c l e .  The t i m e  average of t h i s  
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4 

p o t e n t i a l  i s  ze ro ,  and there i s  no charge d e n s i t y  a s soc ia t ed  wi th  i t ,  

as can b e  seen by c a l c u l a t i n g  

- "02 - - -  
p2  41T (175) 

from (172), (174) o r  more gene ra l ly  from (168). (There i s ,  however, 

some induced charge behind the i n i t i a l  pos i t i on . )  This r e s u l t  d i f f e r s  

from the moment equat ion t reatment  of  I, a t  least i n  p a r t  because of 

a d i f f e r e n t  way of d iv id ing  t h e  p o t e n t i a l  and charge d e n s i t y  i n t o  

"steady-state" and " t r ans i en t "  p a r t s .  However, f o r  t h e  t r a n s i e n t  

c o n t r i b u t i o n  t o  t h e  drag f o r c e  w e  f i n d  

w o t  >> 1 

i n  agreement wi th  I (the d i s t i n c t i o n  between t r a n s i e n t  and s t eady- s t a t e  

would appear t o  be  rather meaningless f o r  w t 

i t  w i l l  b e  noted from (172) t h a t  the t r a n s i e n t  e l e c t r i c  f i e l d  i s  pro- 

1). For f i x e d  I E-zt I , 
0 

p o r t i o n a l  t o  (w t ) - 2  as w t + m. 
0 0 

Before comparing our  r e s u l t s  w i t h  t h e  moment equation t reatment ,  

w e  make a couple of remarks about t h e  charge dens i ty .  F i r s t ,  t h e  

induced charge d e n s i t y  i n  f r o n t  of t h e  p a r t i c l e  i s  zero,  i n  agreement 

wi th  I. This  can be  shown by c a l c u l a t i n g  

1 
4lT p i  = - - (177) 

from the approximate expressions (68), (79),  o r  more gene ra l ly  from 

(67). Secondly, t h e  t o t a l  induced charge behind t h e  p a r t i c l e  exac t ly  
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. 

[r- 

cance l s  the charge of the test p a r t i c l e ,  i f  t r a n s i e n t s  are ignored. 

This can be  shown by c a l c u l a t i n g  

s u r f a c e  of a l a r g e  sphere.  Since 4 and 4 both d i e  out  f a s t e r  than 

R a t  m y  t h e  i n t e g r a l  g ives  zero.  However, one should no te  t h a t  t h e  

s u r f a c e  must be  a very l a r g e  one indeed. According t o  (134) and (105)- 

(108), the p o t e n t i a l  on the axis (b + m) is given by 

gedg where t h e  i n t e g r a l  i s  over  t he  

1P 1L 

i 
-1 

s o  t h a t  exponent ia l  decay does no t  set i n  u n t i l  

which can be  a ve ry  l a r g e  number f o r  l a r g e  M ( f o r  example, i f  M = 10,  

M-2eM2 2 1043!). 

A more complete t reatment  which included c o r r e l a t i o n s  o r  "co l l i s ions"  

would presumably show that t h e  "wake" undergoes " c o r r e l a t i o n  damping'' 

and thus  extends only f o r  about a mean f r e e  path,  even w e l l  i n s i d e  the  

cone, and even f o r  very l a r g e  Mach numbers. A s  noted previously ( c f .  

(137), (138)) t h e  f i e l d  near  t h e  cone is  damped ou t  i n  a re la t ively 

s h o r t  d i s t a n c e .  S t r i c t l y  speaking, t h e  i n t e g r a l  f o r  t h e  t o t a l  charge 

from t h e  moment equat ion t reatment  diverges;  however, i f  a s m a l l  

phenomenological c o l l i s i o n  term i s  added, one reaches t h e  same con- 

c l u s i o n  about zero t o t a l  charge. 

The r eg ions  where w e  have c a l c u l a t e d  t h e  p o t e n t i a l  are depicted 

i n  Fig.  4 ;  w e  propose t o  make a s t e p  by s t e p  comparison with I. 

o rde r  t o  make such a comparison, w e  n o t e  t h e  s l i g h t  d i f f e r e n c e  i n  

d e f i n i t i o n  of t h e  thermal v e l o c i t y  and Debye l eng th ;  vo and ko of I 

are r e l a t e d  t o  V by 

In  
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We have 

(1) I n  f r o n t  of t h e  par t ic le  (Regions I and 11) 

The r e l e v a n t  equat ions are (68) and (69), i n d i c a t i n g  an induced 

p o t e n t i a l  which sc reens  t h e  Coulomb p o t e n t i a l  a t  l a r g e  d i s t a n c e s  

(giving a n  R-3 dependence f o r  the t o t a l  p o t e n t i a l )  bu t  which i s  much 

smaller than  t h e  Coulomb p o t e n t i a l  f o r  s m a l l  d i s t a n c e s .  

v ious ly ,  the induced charge d e n s i t y  i s  zero.  

q u a n t i t a t i v e  agreement wi th  I ,  as may be seen from equations (135), (29) 

of t h e  la t ter  ( the p o t e n t i a l  w a s  no t  ca l cu la t ed  as accura t e ly  [ c f .  

(I.A7-3), ( I .A7-8)9  (I.A7-4) and (I.A7-6)] but t h i s  i s  n o t  a d e f e c t  of 

t h e  moment equat ion approach). 

(2) Me11 behind the p a r t i c l e  and w e l l  i n s i d e  t h e  Mach cone (Region 111) 

A s  noted pre- 

These r e s u l t s  are i n  

Since only the charge d e n s i t y  w a s  computed i n  I, we s t r a igh t fo rward ly  

c a l c u l a t e  t h e  l a t te r  by applying (177) t o  (134); using a l s o  (103) and 

(106) - (108) , one f i n d s  
* 

M ~ R ,  - 1 + -& - 3(ut-$2 + o(M-4, 
cos  Wo(Ut-p U 

* As i n  Regions I and 11, the "pole" c o v t r i h u t i o n  (67) o r  (68) (69)., 

g i v e s  zero charge dens i ty .  
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where we have dropped the exponent ia l  f a c t o r  i n  (134), thus assuming 

To t h e  same approximation, one may write equat ion (29) of I as 

3 4ke2 wo (ut-)> 

cos U +Ti7 % -  l +  pi % 6 ~ r ( u t - 9  

(I. 29) 

We see t h a t  t h e  o s c i l l a t i n g  f a c t o r  i n  (180), (1.29) is  i n  exact  agree- 

ment t o  t h e  order  c a l c u l a t e d ,  and t h e  c o e f f i c i e n t  ag rees  t o  leading 

o rde r ,  though t h e r e  i s  some discrepancy i n  t h e  co r rec t ions .  Thus t h e  

agreement i n  Region 111 is  very good indeed. 

(3)  On t h e  cone (Region IV) 

The neighborhood of  t h e  Mach cone is  t h e  region which produces t h e  

g r e a t e s t  discrepancy between our r e s u l t s  and those  of t h e  moment equation 

t reatment .  The r e l e v a n t  equation i s (140) ,  and one r e a d i l y  shows t h a t  

* 
The corresponding r e s u l t  from I is 

~ 

* Note t h a t  our Mach cone i s  narrower by a f a c t o r  of 2 f i  than t h a t  of I. 
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(I. 29)  

Thus we have obtained the s t r i k i n g l y  d i f f e r e n t  r e s u l t  t h a t  t h e  

* 
charge d e n s i t y  i s  no t  only f i n i t e  on t h e  cone, b u t  i s  damped ou t  i n  

a d i s t a n c e  of o rde r  M/kee 

imaginary p a r t  of t h e  d i e l e c t r i c  func t ion ,  which is, of course,  missed 

by any moment equat ion approach. The f a c t  t h a t  t h e  charge d e n s i t y  is  

f i n i t e ,  however, seems t o  b e  due t o  a more a c c u r a t e  c a l c u l a t i o n  of t h e  

real p a r t .  

(4) Outside the cone (Regions V and V I )  

The damping is ,  of course,  due t o  t h e  

The r e l e v a n t  equat ions are (141), (68), ( 6 9 ) .  The r eg ions  V and 

V I  d i f f e r  only i n  t h e  form of t h e  p o t e n t i a l ,  n o t  t h e  charge d e n s i t y ,  

because only the "pole" c o n t r i b u t i o n ,  which g ives  zero charge dens i ty ,  

has a d i f f e r e n t  form i n  t h e  two regions.  From (141) t h e  charge dens i ty  

d i e s  out  as 

( o s c i l l a t i n g  f a c t o r )  / (keR,) - 3 / 2  Y 

whereas t h e  moment equat ions p r e d i c t  t h a t  i t  is  zero t h e r e .  While t h e  

decay of t h e  charge d e n s i t y  o u t s i d e  t h e  cone i s  r a t h e r  s low,  t h e  neg lec t  

of t h i s  charge i s  probably adequate f o r  most purposes. 

* 
not  exponen t i a l ly  damped and t h e r e f o r e  dominate f o r  ut-$> M/ke. 

class of such terms i s  descr ibed by (141) f o r  keR, >> 1. 

It should h e  pointed ou t  that w e  have neglected some terms which are 

One 
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(5) Near and behind the par t ic le  (Regions V I 1  and V I I I )  

The a p p r o p r i a t e  equat ions are (161)-(163). I n  c a l c u l a t i n g  t h e  

induced charge d e n s i t y  v i a  (177), one should d i f f e r e n t i a t e  (162), (163) 

d i r e c t l y ,  u s ing  i n t e g r a t i o n  by p a r t s  when convenient,  r a t h e r  than 

using t h e  approximate forms (164), (165). T h e  la t ter  are adequate f o r  

c a l c u l a t i n g  the p o t e n t i a l  (and, t o  a c e r t a i n  e x t e n t ,  t h e  f i e l d )  bu t  

not  t h e  charge d e n s i t y ,  which involves  second d e r i v a t i v e s .  One f i n d s  

(a) W e l l  o u t s i d e  the cone (Region V I I )  

T h e  charge d e n s i t y  may be shown t o  d i e  o f f  i n  a Gaussian 

f a sh ion ,  i .e.  

-M2sin2g 2q u 2 M2sin2@e 
0 , Msine >> 1 'L 

P i  'L Trv2 I $-xt 1 
This  i s  i n  good agreement with t h e  moment equations which p r e d i c t  

no charge o u t s i d e  the Mach cone. 

(b) Well i n s i d e  t h e  cone (Region VIII)  

On t h e  o t h e r  hand, t h e  moment equat ions g ive  [cf  e (I .29)] 

2 
quo 

P i  % - 3rv2 (ut-$ Y 

i .e. smaller by a f a c t o r  of 1 /3 ,  similar t o  t h e  e r r o r  i n  t h e  

Debye l eng th .  We should be  happy with such q u a l i t a t i v e  agreement 

i n  a r eg ion  where there is  no reason t o  expect much accuracy from 

t h e  moment equat ions.  While i t  i s  d i f f i c u l t  t o  c a l c u l a t e  t h e  

charge d e n s i t y  p r e c i s e l y  a t  t h e  Kach cone, it i s  abundantly clear 

from (161)-(163) that there is  no s i n g u l a r i t y  t h e r e  (except a t  t h e  
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p a r t i c l e ) .  F i n a l l y ,  one should n o t e  that the Vlasov equation 

breaks down very nea r  the p a r t i c l e  (at a r ad ius  of about t h e  

Landau l e n g t h  AL e 2 / m V 2 > ,  

To summarize, w e  have found that the moment equat ions have a much 

g r e a t e r  v a l i d i t y  f o r  f a s t  p a r t i c l e s  t han  f o r  slow p a r t i c l e s  except i n  

t h e  neighborhood of the Mach cone. W e  should a l s o  remark that our 

r e s u l t s  showing a somewhat "fuzzy" Mach cone are q u a l i t a t i v e l y  similar 

t o  those  obtained f o r  a f i n i t e  "blob" of charge i n  I. 
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R 

APPENDIX: EVALUATION OF SOME ANGUIAR 

INTEGRALS OCCURRING I N  (149) 

I n  t h i s  appendix w e  eva lua te  the i n t e g r a l s  necessary t o  g e t  

from equat ion  (149) of Sec t ion  4 t o  (161). We begin by proving (152), 

(153) a Then 

it  is  ev iden t  that  

L e t  "a" b e  a real number and "b" a real p o s i t i v e  number. 

21T 2 T  
b 
a 1 d@ la I- b cos  $ 1  = la1 1 d$ (1 f -  cos$) = 2.rrla1, b < l a (  .(Al) 

0 0 

For b > la1 w e  d e f i n e  

Then it  is  evident  t h a t  a f b cos0 w i l l  be  nega t ive  f o r  < @ < 2.rr - @ y  

and p o s i t i v e  f o r  t h e  rest of the range.  Thus 

= - a(2.rr - 49,) -t- 4b s i n  = - 4 a t  - arc cos(-a/b) '  + 44b2 - a2 ) 
=  IT a arc s in (a /b )  + 44b2 - a2 ' b > la1 $ 

which completes t h e  proof of (152). For t h e  i n t e g r a l  i n  (153), i f  

la1 > b,  w e  may expand t h e  logari thm, and only even powers of cos@ w i l l  

g i v e  a con t r ibu t ion .  One f i n d s  
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27r r 

d+ (a + b cos+) l og  la + h cos+l = d+ (a + b cos+) 

0 0 

2 T  

+ l o g  (1 + cos = 27ra log  la1 - a a 
0 

(cos+) 2P 
2 2p-1 

+ b / d +  p=l  .(:) 2p-1 
0 

= 27ra log  [ 

&i?w-+ l og  ( ' a '  + <-)I 
la1 ' b 

where w e  have used t h e  i n t e g r a l  

9 (A4 1 
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27r 27r 
d$ COS$~P = - 

0 

and the factorial doubling formula 

2 2 9  ! (&- $)! 

(23! = 1 
(- 

For b > a, it is convenient to write the integral (153) in the form 

d$ (a + b cos$) logla + b cos$l 7 0 

2n 
= b J  d$ (COS$ - COS$~)[~O~ b + lOglcos$ - C O S $ ~ I ]  

0 

2lT 
= b [- 2n cos$ log b + 1 d$ (cos$ - cos$ ) log 

1 1 
0 

b 
= 2na log b + -  2 d$ (cos($-$ 1 )cos$l 

- sin($-$l) sin$ - cos$l) log (1 - cos($-$l)) 1 
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The integral of the terms proportional to sin($k$ ) clearly vanishes, 

and the remaining terms are of the same form calculated in (A4) (with 
1 

b/a = t 1 and an irrelevant translation of the angular variable). It 

follows that 

21T 
d$ (a + b cos$) log la + b cos$ I = 21~a[iog b + 1 - l o g  21, 

0 

which completes the proof of (153). 

Substitution of (152) (153) into (149) , the transformation 

1 ~ .  = w/M, and the use of the definitions (103), (108) leads to the 

form (154). We now turn to the calculation of the integrals C -C 
1 6 '  

For C we write 
1 

M 

F 

where we have assumed that an interchange of integrals 

It will be recalled that Y(w) is analytic in the lower 

vanishes as (-1/2w2) at It follows that 
W 

Jdw u2 y w  +(Y:w) = o , u $ o ,  
-W 

and 
M _ _  

Y(w = -  dw Y(w) 
u2 + Y(w) - 

-M 

is permissible. 

half-plane and 

9 (A10) 
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c 

According t o  (A9), t h e  t r i c k  employed i n  (A10) i s  n o t  v a l i d  as u + 0; 

however, t h e  r e s u l t  (A10) c o r r e c t l y  approaches 2M as u -+ 0,  and i s  thus 

v a l i d  f o r  a l l  u. S u b s t i t u t i o n  of (A10) i n t o  (A8) g ives  

u + l  - l og  - 
u - -  IU - 11 

0 J Z - M  0 

The e r r o r  i n  ( A l l )  i s  o ( l / M 2 ) ,  as w i l l  be  t h e  case i n  t h e  remainder of 

our  c a l c u l a t i o n s  u n l e s s  otherwise s t a t e d  (of course,  terms which behave 

as M e n -M2 van i sh  much more s t r o n g l y  f o r  l a r g e  M ,  and w i l l  always be 

neg lec t ed ) .  

The i n t e g r a l  i n  (156) i s  easy t o  c a l c u l a t e  s i n c e  t h e  real p a r t  

of Y i s  even and t h e  imaginary p a r t  odd. One f i n d s  

M M M 

dw w2 -w2 
2 

C 2  = 
1 dw w Y(w) = - 

-M -M 

dw d Y,(w) = - 
-M J;; 

W 

-00 
. .. 

Simi la r ly  
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1 

U2 du u2 2 - - -  = + -  
-m 

J;; 

- 
0 -03 

m m 

-m 
. .. -m 

where we  have used t h e  d e f i n i t i o n  of Ye The last i n t e g r a l  i n  (A13) 

may e a s i l y  be  shown t o  be 0(1/M2). I n  f a c t ,  i f  

m 

g(M) = l d u  u210g/1 - Y 

-m 
J;; 

one has  

m n m n 

Y 

where w e  have used t h e  w e l l  known asymptotic form 

m n 

Thus 

m 
and 

Inasmuch as t h e  second t e r m  of (A18) w i l l  cancel  w i th  similar t e r m s  

from o t h e r  C . ' s ,  w e  w i l l  no t  a t tempt  t o  do t h e  i n t e g r a l .  
1 
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Turning to (158), we write 

i 
4 71 

M 
c = - -  dw w Y(w) [log(Y(w)f + i arg Y(w)] 

-M 

But (cf. A12) 

M 
dw w Y(w> 2 - ir/2 

-M 

Because 

Y(-w) = Y*(w) 

one has 

M .  M r 
1 d w w  - - -  J dw x+Y(w) 2 s I 1  x+Y x+Y * %iL= ,II 

L -M -M 

+i€ r 

m 

Inasmuch as Y(w) is analytic in the lower half-plane and Y* in the 

upper, the first term can be evaluated by contour integration. 

the second term we note that, for large w, Y is very small, and 

negative, and Y is approximately (- 7), so that 

For 

2 
1 

1 2w 
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It follows that 

While the contour integration technique as applied here is not strictly 

valid for x = 0, it will be observed that (A24) vanishes as x -t 0 as it 

must e 

Substituting (A24) into (A19) ,  one finds 

(A251 
% 

C4 = l o g  (6M) 

We now turn to the more difficult angle dependent integrals C,, 

C6, which can be only partially evaluated for general 8 .  From (160),  

M 

C 6 (8) = - IT dw Y(w) [/M2sin28- w2 
-M 

I S(Msin8 - Iwl) - i(sgn w)/w2-M2sin28 S (  Iwl-MsinO) 

M+i€ 

- - - -  lim 
€-to 

dw Y (w) (M2sin28-w2) 
IT 

-M+i€ 

where (M2sin28 - w2)lI2 is defined as follows 
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W 

= 2 e-w2 J d u e u 2  

The i n t e g r a l  i n  (A26) may he broken up as fol lows 

M+i€ 

dw Y(w) Msine + dw[ (M2sin28-w2)1/2 - Msine] (- 5) 
-M+if 

w=M 

W=O 
= - M (1 + O(+) 

The f i r s t  two i n t e g r a l s  are s t r a igh t fo rward ,  taking i n t o  account t h e  

symmetry of Y(w) , (M2sin2e - w 2 ) 1 / 2 .  I n  f a c t  

M M M 

j d w Y ( w )  = J d w Y  1 (w) = 2f dw 

-M -M 0 

W 

1 -2we du eu2 
0 

where we  have employed an obvious i n t e g r a t i o n  by p a r t s .  I n  t h e  second 

term w e  have t h e  i n t e g r a l  

*if M s  i n  8 
dw 7 [JM2sin2e-w2 - MsinB] dw 7 [ (M2sin28 - w 2 ) l j 2  - Msine] = 2 
W 

1 i m  
f+O -Mi€ 0 

M 
dw 7 = 2sinB - 7~ 
W 

- 2MsinO 

Msine 

The t h i r d  t e r m  of (A28) may be w r i t t e n  as 

l i m  
e 4  

dw [ (M2sin2e - w2) 1 / 2  - Msing] 
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The second term in the curly bracket is readily shown to be O(M-2). 

The first term may be expressed as 

i- f dw [(M2sin28 - w2)li2 - Msin81 [Y(w) 4- &- 
-m-ic 

where c is a path enclosing the branch cuts (extending from +Msine 

to *a) as depicted in Fig. 5. But the integrand in the second term 

is analytic in the lower half-plane and vanishes as wm3 there; then the 

path may be closed in the lower half-plane and a null contribution is 

obtained. The branch cut contribution may be simplified by symmetry 

considerations, and one finds 

f 

M+i€ 
lim f dw [(M2sin20 - 
e-+o -M+i€ 

~ 2 ) ~ / ~  - MsinB] [Y(w) + &] 

2 - 4 6  dw wJw2 -M2sin2 8 e-w2 
Ms in8 

Employing (A29), (A30), (A31) in (A28),  one finds 

m 
2 

dw wJw2-Msin28 e" 8 c6 (e>  2 - 1 + - 
J;; Ms in8 
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I n  a q u i t e  similar f a sh ion ,  one may write (159) as 

M 
-w2 2 i  Mtane + E  sgn 

l 7 - 2  
dw w210glwle - - 2 - _ - -  

IT 
-M 

J;; 

i l i m  Ti€ dw log 
+; €-to W 

-M+if 

[My- ;1”3 , 
dw w Y(w) + z 2w ‘ I  2 i  l i m  

IT e o  
- -  

-M+i€ -M-if 

The l as t  term i n  (A33) i s  r e a d i l y  shown t o  be O(M-2), and some of t h e  

remaining i n t e g r a l s  may be  evaluated w i t h  t h e  a i d  of ( A 1 2 ) , ( ~ 1 3 ) ,  (A18). 

One f i n d s  
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dw w210g I w le-w2 2, 2 c,(e) = - l og  + -  
-03 

J;; 

dw log  
- dw2 - M2sin2e 

dw a r c t a n  - 2 + -  
Tr w 

The  las t  i n t e g r a l  i n  (A34) may be evaluated exac t ly .  Introducing 

a new v a r i a b l e  

v = a r c t a n  

one has 

c o t  v 
cos2e + sin2esin2v dv v w case 

I Tr - 
- i” dv log 

2 

Msine 

dw a r c t a n  ‘ J  Tr w 
0 

1 
log  = -  

0 IT 
0 

Thus 

where A ( e )  i s  given by (162) .  S u b s t i t u t i n g  ( A l l ) ,  ( A 1 2 ) ,  ( A 1 8 ) ,  ( A 2 5 ) ,  

( A 3 2 ) ,  and (A36) i n  (154), one ob ta ins  (161).  
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Fig. 1 - Profile of O(u/V} charge d e n s i t y  correction. 
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Figure 1 Continued 



F i g .  2(a) - Distribution of O(M2> correction to charge density. 
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2 Fig.  2(b) - Dis t r ibu t ion  of O(M ) cor rec t ion  t o  charge dens i ty  
when IMA- i s  neglected.  
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Fig. 4 - Regions f o r  which t h e  fast p a r t i c l e  r e s u l t s  are summarized 
i n  Table I. 
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Figure  5 


